Let Com t , q denote the variety of finite monoids that satisfy the equations xy = yx and x t = x t+q . The variety Com 1,1 is the variety of finite semilattices also denoted by J 1 . In this paper, we consider the product variety J 1 *Com t,q generated by all semidirect products of the form M * N with M J 1 and N Com t,q . We give a complete sequence of equations for J 1 * Com t,q implying complete sequences of equations for J 1 * (Com A), J 1 * (Com G) and J 1 * Com, where Com denotes the variety of finite commutative monoids, A the variety of finite aperiodic monoids and G the variety of finite groups.
Some examples of M -varieties follow.

The trivial M-variety, consisting of the trivial monoid, is denoted by I.
The M-variety, consisting of all finite monoids, is denoted by M.
The M-variety, consisting of all finite groups, is denoted by G and is defined by the equation x w = 1.
The M -variety, consisting of all finite commutative monoids (respectively groups), is denoted by Com (respectively G com ) and is defined by the equation xy = yx (respectively by the equations xy = yx and x w = 1).
Given M-varieties V and W, we denote by V W the least M-variety containing both V and W.
In this paper, we consider the M-variety Com t , q defined by the pair of equations xy = yx and x t = x t+q where t, q are integers and t ≥ 0, q ≥ 1. We get the following M -varieties (among others).
The M-variety Com 0 , 1 is the trivial M-variety I.
The M-variety Com 1,1 is the family of finite commutative and idempotent monoids (called semilattices).
The M-variety Com A is t≥0 Com t, 1 
The M-variety Com 0 , q is generated by the cyclic group Z q of order q and is also denoted by (Z q ).
The M-variety G com = Com G is q≥1 Com 0,q .
The M -variety Com t , q is generated by the cyclic monoid Z t , q of index t and period q, that is, Z t , q = {1, a, a 2 We consider the set M N N where M N is for the set of all functions f : N → N. The wreath product is then M N with multiplication defined by the formula (f, n)(g, n′) = (h, nn′) with h M N given by n"h = n"f + (n"n)g. The associativity of the multiplication in M N may be verified by a simple computation. If we define the left action of N on M N by setting n"(n • g) = (n"n)g for all g M N and all n" N, we find that h = f + n • g and thus the wreath product M N is a semidirect product M N * N. Conversely, we can show that any semidirect product M * N is isomorphic to a submonoid of M N .
Given M-varieties V and W, we denote by V * W the M-variety generated by all semidirect products M * N with M V, N W and with any left action of N on M. This is equivalent to the M-variety generated by all wreath products M N with M V and N W. The semidirect product V * W is associative.
We end this section with some terminology and well-known results related to equational descriptions of Mvarieties.
Varieties defined by equations
Let Σ* be the free monoid generated by the infinite sequence of letters Given a sequence of pairs (u i , v i ) Σ* Σ*, i ≥ 1, we may consider the two M -varieties
A monoid M is in V′ if it satisfies all the equations u i = v i . We say that V′ is defined by the equations u i = v i , i ≥ 1. A monoid M is in V′′ if it satisfies the equations u i = v i for all i sufficiently large. We say that V′′ is ultimately defined by the equations u i = v i , i ≥ 1. Every non-empty M -variety V is ultimately defined by a sequence of equations and every M -variety generated by a single monoid is equational [6] .
In this paper, we are interested in the problem of determining equations of M -varieties of the form V * W knowing equations on V and W. Very little is known about this problem because it is not possible to adapt the results of varieties of groups [9] .
A congruence description of J1 * Com t , q
If A is a finite alphabet, then A + denotes the free semigroup on A, that is, the set of all strings (or words) made from letters of A. If an empty word (denoted by 1) is adjoined, we obtain A*, the free monoid on A. A language in a free monoid A* is any subset of A*. The syntactic monoid of L, denoted M(L), is the quotient of A* by the syntactic congruence ~L defined by u~Lv if and only if for all x , y A*, xuy L if and only if xvy L.
We write |u| a for the number of times the letter a appears in the word u A*, and we write ua for the set of letters in u. For any t ≥ 0, q ≥ 1, we define on A* the congruence ~t ,q by u~t, q v if and only if for all a A, |u| a = |v| a or |u| a , |v| a ≥ t and |u| a |v| a (mod q). Note the following special cases. Conversely, the transition monoid M(σ t,q ) of the automaton (A*/ ~t ,q , A, δ t,q ) is in Com t,q . To see this, let a, b A and w A. In the next section, we give equations for the product J 1 * Com t,q . If two words u and v form an equation u = v for that product, then u ≈ t,q v.
An equational description of J 1 *Com t , q
In this section, we give an equational description of J 1 * Com t , q . In order to do this, we use a theorem on graphs due to Simon. 
Equations on J 1 * Com t,1
We now define a finite sequence of equations for J 1 * Com t,1 . together with all the equations of the form
is a list of t x's and t y's.
Proof. If M J 1 and N Com t,1 , then M * N satisfies Equation (1) and all the equations of the form (2) . To see this, if we replace 
Circular lists in
of length q r always exist. To see this, we fix q and we use induction on r and consider the graph r in which a Hamilton circuit corresponds to a circular list of length q r in , as described above. If r = 1, the list 0, 1,… , q -1 is a circular list of length q which is relabeled as x 1 ,… , x 1 (q times) in and corresponds to the Hamilton circuit 0,1, ... , q -1,0 of the graph 1 . Here, we can show that ( ) = ( 2 ) (and therefore ( ) = ( q ) ). The string has the property P that "each of its letters occurs a multiple of q times". A string x over A with the property P can be factorized as follows: let x 1 be the smallest nonempty prefix of x with the property P, let x 2 be the smallest nonempty prefix of u\u 1 with the property P,... . So x is the concatenation of factors with the property P. Factors in x are either of type (1) , that is, a q for some a A, or of type (2) , that is, y 1 z 1 … y k z k y k+1 where y 1 , … , y k , y k+1 and where the z's have the property P. Since the z's have the property P, they can be factorized as above and the process can be repeated. The most elementary factors of type (2) look like y 1 … y k y k+1 where y 1 , … , y k , y k+1 and where the z's are either empty or of type (1). In such situations, (y1 … yk yk+1) = ((y 1 … y k y k+1 )
2 ) (using an instance of ) and therefore (y 1 … y k y k+1 ) = ((y 1 …. y k y k+1 ) q ) . The string ( ) can have subfactors of the form ( … ) and in such situations, ( … ) = ( … ) (using x q = x 2q which is an instance of ) = (( … ) 2 ) (using x q y q = y q x q several times) and therefore, ( … ) = (( … ) q ) . It is then easy to see that ( ) isof the form x where x is the concatenation of factors of the form y q . And as above, ( ) = ( 2 ) . Proof. By Theorem 4.2.3.
Equations on J 1 * Com t,q
In this subsection, we define a sequence of equations for J 1 * Com t,q . Let us first define recursively what we mean by "x is of the form (*)". is the sequence of all the equations of the form
where x is of the form (*) and where u 1 ,… , u rt is a list of t x 1 's, … , t x r 's, together with all the equations of the form
where x and y are of the form (*) and where u 1 , … u rt is a list of t x 1 's, … , t x r 's.
Note that every equation in the sequence is also in the sequence for r ≥ 1. It is easy to see that Equation (1) is of the form (5) for r = 1 and all the equations of the form (2) are of the form (6) for r = 2.
So there remains to show that all the equations of the form (5) and (6) are deducible from Equation (1) and all the equations of the form (2) . To see this, let u 1 , … u rt be a list of t x 1 's, … , t x r 's and assume x = x i for some 1 ≤ i ≤ r. Then
(using Equation (1)) since x i occurs t times in u 1 v 1 … u rt v rt . Now, assume x = x i and y = x j for some 1 ≤ i, j ≤ r. Then
(using an instance of (2)) since x i and x j occur t times in u 1 v 1 … u rt v rt . It is easy to see that the equation xq = x 2q is of the form (7) for r = 1 and hence deducible from (take x = (x 1 ) q to get ( So there remains to show that all the equations of the form (7) and (8) are deducible from the equation x q y q = y q x q and all the equations ,r ≥ 1. To see this, let x be of the form (*) for some r. (9), we get (n 1 ) t … (n r ) t … since xy = yx and x t = x t+q hold in N, every variable in the list u 1 , … , u rt , is one of x 1 ,...,x r and occurs t times in u 1 , … , u rt , every variable in the list y 1 , … , y i , y i+1 is one of x 1 ,... , x r and occurs a multiple of q times in y 1 , … , y i , y i+1 , and also every variable in is one of x 1 ,... , x r and occurs a multiple of q times in . Now, by replacing u 1 v 1 ...u rt v rt by (m, n) and y 1 … y i y i+1 by (m', n') for some m, m' M and n,n' N, we get It follows that M * N satisfies the equation 
